Inverse kinematics

Cause inverse is better
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Solving
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Better understanding of the DGM

What is inverse kinematics?
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Recap

What we saw last weeks?

DH Modified Parameters

We define each parameter for the length and angles from joint ¢

until the joint ¢ + 1

d;: Joint offset (length) from joint i to joint i+1

6;: Joint angle from joint i to joint i+1

r;: Link length from joint i to joint i+1

a;: Link twist (angle) from joint i to joint i+1

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems




Recap

What we saw last weeks?

i+1
Ri*! =

cos 6, —sin6; 0 r;
sinf; cosqy; cosB;cosa; —sinq; | —d; sin q;
sinf;sino; cosf;sina; cosay; | d;cos

0 0 0

n _ Pl 2
0 =Ry*xRy*..xR
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Recap

What we saw last weeks?

We can calculate each column of the Jacobian matrix individually.
Each column represents one joint. If joint i is revolute, then:

J. =
7 ZZ
If joint ¢ is prismatic, then:
%
Ji= 4
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Grand scheme
The big picture

Forward Great robots

TF Kinematics

Velocity —| Dynamics

Inverse

°/
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Forward kinematics

Revising

Definition
A transformation matrix that calculates the pose of the robot's
end effector in terms of the joint coordinates ¢, qs, ..., qn
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Forward kinematics

Revising

Xe Yo Zy| Py
: X, Y, Z, | P
15 (Q) = XZ YZ ZZ PZ
0 0 01

How many of these elements are independent?
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Forward kinematics

Revising

X, Y, Z|P
: X, Y, Z,|P
TW=\%. v. z.|p.

0 0 01

How many of these elements are independent?
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Forward kinematics

Revising

Xe Yo Zy| Py
: X, Y, Z, | P
15 (Q) = XZ Yi ZZ PZ
0 0 01

How many of these elements are independent?

\/X2+X2—}—X2 \/Y2+Y2—|—Y2 \/Z2—|—22

X Y, Zy| Y Lz Xe
X, x|Y,| =12, Y| x|2,| =X,

S
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Forward kinematics

Better understanding

This is basically a function of ¢ = [¢1, o, - - -

pose of the end-effector
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Forward kinematics

Better understanding

This is basically a function of ¢ = [¢1, o, - - -

pose of the end-effector

f(Q)HPa:JPya-quR
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Forward kinematics

Better understanding

This is basically a function of ¢ = [¢1, o, - - -

pose of the end-effector

f(Q)HPxJPya‘quR

Where R is the orientation defined in terms of X,, Xy
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Forward kinematics

Better understanding

Since the orientation part has only three degrees of freedome, it
can also be expressed as three Euler angles:

CoCy  CySeSy — CySy S¢Sy + CyCySh
RZ(¢)Ry<9)RI(¢) = |CoSy CyCy + 50S¢pSy C¢598w’
—Sp CoS¢ qé (
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Forward kinematics

Better understanding

Since the orientation part has only three degrees of freedome, it
can also be expressed as three Euler angles:

CoCy  CySeSy — CySy S¢Sy + CyCySh
Rz(¢)Ry(0) R (@) = |cosy  CopCy + 50545y CSoSy =CySe
—Sg CoS4 Cot '

Therefore, the forward kinematics can be expressed as:~

f(Q) '_>P27Py7PZJ¢707¢
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Interlude
UpTown!
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Inverse Kinematics

Definition

The inverse kinematics model is the 'inverse' of the forward
kinematics model.
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Inverse Kinematics

Definition

The inverse kinematics model is the 'inverse' of the forward
kinematics model.

g(Px7Py7P27¢797¢)Hq: [q17q27-"aQn £
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Inverse Kinematics

Definition

The inverse kinematics model is the 'inverse' of the forward
kinematics model.

g(Px,Py,Pz,gb,Q,?,D)Hq: [q17q27"'aQH]

Q\L_ bl
A function calculates the joint coordinates for a specific pose.
L —\3}\
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Inverse and Forward kinematics
What is the difference?

Forward kinematics

| want to know where will my end-effector be, if | give specific
coordinates (values) to each joint
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Inverse and Forward kinematics
What is the difference?

Forward kinematics
| want to know where will my end-effector be, if | give specific
coordinates (values) to each joint

Inverse kinematics

| want to know what should the joint coordinates (values) be in
order for my end-effector to reach a specific pose
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Inverse and Forward kinematics
What is the difference?

For robotics applications, the inverse model is way more useful.
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Inverse and Forward kinematics
What is the difference?

For robotics applications, the inverse model is way more useful.

Can you understand why?
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Inverse and Forward kinematics
What is the difference?

For robotics applications, the inverse model is way more useful.

But it is also most difficult to derive and we need the forward
kinematics to derive it.
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Inverse and Forward kinematics
What is the difference?

For robotics applications, the inverse model is way more useful.

But it is also most difficult to derive and we need the forward

kinematics to derive it.

Can you understand why?
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Inverse kinematics model
Why so difficult?

77777777
72777777
77777777
72077277

0 0 0

C123 —S123 lacip +l3c123 + lica
5123 Ci23 lasig+ 138103+ lisi+1
0 0 1 N

o O O
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Inverse kinematics model
Why so difficult?

The inverse kinematic model
might have more thanine
solution for a specifie-fobot pose

7777777777
727777777,
7777777770
7277777775
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Inverse kinematics model

Derivation

The inverse model can be difficult to solve even for simple
models

ci2 —s12 0 lLeyatlic
Rt T
si2 ci2 0 Ilpsyg +lisy
P J
0o o0 1 Kl
0 0 0 1%
17/
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Inverse kinematics model

Derivation
ci2 —5s12 0 bLeg+he Xx Yx Zx P,
s12 ci2 0 bsio+hs| | Xy Yy Zy Py,
0 0 1 0 Xz Yy, Zy P,
0 0 O 1 0 0 0 1
A
18/
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Inverse kinematics model

Derivation
ci2 —S12 0 lero+hc Xx Yx Zx P,
si12 ¢z 0 lasia+ 115y _ Xy Yy Zy P,
0 0 1 0 Xz Yy, Zy P,
0 0 O 1 0 0o 0 1

CoCy  CpSeSh — ChSy  SpSy + CoCySe Py
CoSyy  CpCy + $0S¢pSy  CpSeSy — CySy Py

—Sp CoS¢ CoCy P, 2
‘ﬁ:‘ A
¥
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Inverse kinematics model

Derivation
ci2 —S12 0 lcro+hc Xx Yx Zx P,
s12 ¢z 0 lasio+ 115y _ Xy Yy Zy Py
0 0 1 0 Xz Yz Zz P,
0 0 O 1 0 0 0 1

cos(qi + q2) = Xo =)
sin(gr + @) = X, ==Y,
lacos(q1 + q2) + licosqy = P,
lasin(q1 + g2) + lisings = P, MO
0="P, k

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems



Inverse kinematics model

Derivation
ci2 —S12 0 lcro+hc Xx Yx Zx P,
s12 ¢z 0 lasio+ 115y _ Xy Yy Zy Py
0 0 1 0 Xz Yz Zz P,
0 0 O 1 0 0 0 1

cos(qi + q2) = Xo =)
sin(gr + @) = X, ==Y,
lacos(q1 + q2) + licosqy = P,
lasin(q1 + g2) + lisings = P, MO
0="P, k
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Inverse kinematics model

Derivation
ci2 —S12 0 lcro+hc Xx Yx Zx P,
s12 ¢z 0 lasio+ 115y _ Xy Yy Zy Py
0 0 1 0 Xz Yz Zz P,
0 0 O 1 0 0 0 1

cos(q1 + q2) = Xo =Y,
sin(gr + @) = X, ==Y,

Sl hd
How much 'freedom’ dé‘)fswe;”h‘avg;?

f

lacos(q1 + q2) + licosqy = P,
lsin(q + q2) + lising; = P, A
0=P, Ay
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Inverse kinematics model

Derivation
ci2 —S12 0 lcro+hc Xx Yx Zx P,
s12 ¢z 0 lasio+ 115y _ Xy Yy Zy Py
0 0 1 0 Xz Yz Zz P,
0 0 O 1 0 0 0 1

cos(qi + q2) = X, =Y,
sin(q1 + q2) = Xy = =Y,

R 7
locos(qi + g2) + Licosqy = Py How much 'freedom’ do we hay@

How do we solve this? =~
lsin(q + q2) + lising; = P,

0=P, Ty
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Inverse kinematics model

Derivation

We are looking for this

q1 = f(an Py)
¢ = g(Py, Py)
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Inverse kinematics model

Derivation

We are looking for this

q1 = f(an Py)
G2 = 9( Py, Py)

e Analytical solutions
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Inverse kinematics model

Derivation

We are looking for this

q1 = f(an Py)
¢ = g(Py, Py)

e Analytical solutions

e Geometric solutions
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Inverse kinematics model

Derivation

We are looking for this

q1 = f(an Py)
¢ = g(Py, Py)

e Analytical solutions
e Geometric solutions

e Numerical solutions
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Inverse kinematics model

Analytical solutions

The idea is to try to find an equation for each joint variable ¢,
that only depends on the pose or on other joint variables that
have already been expressed in terms of pose.
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Inverse kinematics model

Analytical solutions

The idea is to try to find an equation for each joint variable ¢,
that only depends on the pose or on other joint variables that
have already been expressed in terms of pose.

® We equate the DGM with the general homogeneous matrix

21 /
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Inverse kinematics model

Analytical solutions

The idea is to try to find an equation for each joint variable ¢,
that only depends on the pose or on other joint variables that
have already been expressed in terms of pose.

® We equate the DGM with the general homogeneous matrix
e We identify joint variables that can be isolated
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Inverse kinematics model

Analytical solutions

The idea is to try to find an equation for each joint variable ¢,
that only depends on the pose or on other joint variables that
have already been expressed in terms of pose.

® We equate the DGM with the general homogeneous matrix
e We identify joint variables that can be isolated

e We identify pair of joint variables that can be 5|mplrf1ed\by¢
division

21 /
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Inverse kinematics model

Analytical solutions

The idea is to try to find an equation for each joint variable ¢,
that only depends on the pose or on other joint variables that
have already been expressed in terms of pose.

® We equate the DGM with the general homogeneous matrix
e We identify joint variables that can be isolated

We identify pair of joint variables that can be 5|mplrf d. by@
division €
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Inverse kinematics model

Analytical solutions

If not all joint variables are expressed as a function of the pose,
we multiply from left(right) the inverse transformation of the
first(last) joint.
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Inverse kinematics model

Analytical solutions

If not all joint variables are expressed as a function of the pose,
we multiply from left(right) the inverse transformation of the

first(last) joint.

n=RIR?. _.R" | =R,
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Inverse kinematics model

Analytical solutions

If not all joint variables are expressed as a function of the pose,
we multiply from left(right) the inverse transformation of the
first(last) joint.

SZR(l)R?‘- ZAZRQ
(R(l))ile = (R(l))ile or Ry ( 2—1)71 = Rg(

And we try to isolate again
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Inverse kinematics model

Examples

1261’2 + l101
1281’2 j— 1181
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Inverse kinematics model

Analytical solution

x =lacro+licy
y = las1o+ 115y
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Inverse kinematics model

Analytical solution

x =lacro+licy
y = las1o+ 115y

1’2 + y2 = l% + l% + 2[1[2(610172 + 818172)
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Inverse kinematics model

Analytical solution

x =lacro+licy
y = las1o+ 115y

1’2 + y2 = l% + l% + 2[1[2(610172 + 818172)

Remember:
cos(a — ) = cosacosf + sinasin/3
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Inverse kinematics model

Analytical solution

x =lacro+licy
y = las1o+ 115y

1’2 + y2 = l% + l% + 2[1[2(610172 + 818172)

Remember:
cos(a — ) = cosacosf + sinasin/3

Therefore:
SL’2 + y2 = l% + lg + 2111202
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Inverse kinematics model

Analytical solution

x =lacro+licy
y = las1o+ 115y

1’2 + y2 = l% + l% + 2[1[2(610172 + 818172)

Remember:
cos(a — ) = cosacosf + sinasin/3

Therefore:
SL’2 + y2 = l% + lg + 2111202
-0
N 2015

Co

LBy -1

G2 = COS
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Inverse kinematics model

Analytical solution

r = 1201,2 + llCl
Yy =l2812+ l15;
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Inverse kinematics model

Analytical solution

Tr = lQCLQ + llCl

Y

cos(a + f3)
sin(a + )

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

= las12 + 15

Remember:
= cosacosfl — sinasinf
= cosasinf3 + cosfsina

Robot Control Systems




Inverse kinematics model

Analytical solution

r = lQCLQ + llcl
Yy =l2812+ l15;

Remember:
cos(a + ) = cosacosf — sinasinf3
sin(a + B) = cosasinfl + cosfBsina

Therefore:
T = l20162 — l25182 + llCl
Y = 126182 + l20281 + 1181
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Inverse kinematics model

Analytical solution

We can write:

xr = k‘lCl — kgSl
y = k151 + kacy

Tassos Natsakis tassos.natsakis@aut.utcluj.ro
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Inverse kinematics model

Analytical solution

We can write:

xr = k‘101 — kgSl
y = k151 + kacy

Where:

kl = ll + lQCQ
ky = 359

Tassos Natsakis tassos.natsakis@aut.utcluj.ro
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Inverse kinematics model

Analytical solution

We can write:

xr = k‘101 — kgSl
y = k151 + kacy

Where:
kl = ll + lQCQ
ko = lys9
We define:
r=\/k?+ k3
B = atan2(ky, k1)

Tassos Natsakis tassos.natsakis@aut.utcluj.ro
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Inverse kinematics model
Analytical solution

We can write: Then:

ki1 = rcosf

T =kiey = kosy ky = rsinf
g =

y = k151 + kacy
Where:
kl = ll + lQCQ
ko = lys9
We define:

r=\/k?+ k3
B = atan2(ky, k1)
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Inverse kinematics model

Analytical solution

We can write: Then:
x =kicp — kosy :1 = rcgsg
= rsin
Yy = k151 + kocy 2
Where: So we can write:
x .
ki =1 4 laeo P cosfer — 5237’?81
r @.‘:\1_ ol
We define: ;

r=\/k?+ k3
B = atan2(ky, k1)

26 /
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Inverse kinematics model

Analytical solution

We can write: Then:
r = kic; — kosy :1 = rcosfs
y = k151 + kacy o = rsinf
Where: So we can write:
x .
ki =11 4 lacsy ; - COSBCI - SZ?ZBSl
]{32 = ZQSZ g 2
,
We define: Or:

r=\/k?+ k3
B = atan2(ky, k1)
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Inverse kinematics model

Analytical solution

Are we there yet??
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Inverse kinematics model

Analytical solution

Are we there yet??

i
—=cos(B+aq)
y
Z=gsin(B+ q)
r
27/
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Inverse kinematics model

Analytical solution

Are we there yet??

i
—=cos(B+aq)
Yy .
o= sin(f +q1)
Yy T
B+ ¢ = atan2(=, =) = atan2(y, )
rr
N\
»,i
27
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Inverse kinematics model

Analytical solution

Are we there yet??

= cos(B+ q1)
= sin(8 + q1)

Sl |8

b+q = atan2(y, f) = atan2(y, ) P
r’r 5

q1 = atan2(z,y) — B = atan2(y, v) — atanQ(]{%\k N 'fi
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Inverse kinematics

Geometric solutions

We could have solved the previous problem using geometry

777077,
727777777,
7777777770
7222227775
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Inverse kinematics

Geometric solutions

We define the length 7 using
Pythagoras:
2 = a2 4 g2
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Inverse kinematics

Geometric solutions

We calculate the angle « using the
cosine law:
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Inverse kinematics

Geometric solutions

We calculate the angle « using the
cosine law:

r? =12 + 12 — 2l1lycosa
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Inverse kinematics

Geometric solutions

We calculate the angle « using the
cosine law:

r? =12 + 12 — 2l1lycosa

B+12—r?
201

cosa =
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Inverse kinematics

Geometric solutions

We calculate the angle « using the
cosine law:

r? =12 + 12 — 2l1lycosa

B+12—r?
cosoe = —————
2011y
l2 + l2 _ .’EQ 2
cosa = ! 2 4

2011y

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems



Inverse kinematics

Geometric solutions

We know that: a =7 — ¢
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Inverse kinematics

Geometric solutions

We know that: a =7 — ¢

And: cos(m — q) = —cosq
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Inverse kinematics

Geometric solutions

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

We know that: o =71 — ¢

And: cos(m — q) = —cosq

Therefore:

oSy = ST

Robot Control Systems




Inverse kinematics

Geometric solutions

\l, sin(q;)
We know that the base of this triangle

: is [ocosqy while the height of -the

“71, cos(q,) triangle is lysings
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Inverse kinematics

Geometric solutions

I, + 1, cos(q,)

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

For this triangle, we can calculate the
angle 3:

L lasingy

— tan—
B = tan l1 + lycosqs

Robot Control Systems



Inverse kinematics

Geometric solutions

For this triangle, we can calculate the
angle 3:

losings

=tqn 1212
B = tan l1 + lycosqs
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Inverse kinematics

Geometric solutions

We therefore have:

Iosi
ql = tan—1Y — g1 2212
T ly + lacosqs
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Inverse kinematics

Geometric solutions

We therefore have:

I si
T ly + lacosqs

And we already know the relatlonshlp

7777777777
777777777
777777777
727777777,
//////////
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Inverse kinematics model

Numerical solutions

Optimisation methods, sem 2, 4th year!
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Grand scheme
The big picture

Forward Great robots

TF Kinematics Velocity —| Dynamics

Inverse
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Questions?

37 /37‘
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