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Agenda

e Lagrangian of a robot

e How it all fits together
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What did we do last week?
Recap

Lagrange defined a basic quantity for any system of bodies as the difference between its
kinetic and potential energy.

L=K-P

We call this quantity the Lagrangian of the system. >
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What did we do last week?
Recap

We define the Lagrangian as the difference between Kinetic and Potential energy of our

system
L=K-P
where:
Potential Energy Kinetic Energy Moment of inertia I. = 3 3
_ 1 - A
P =mgh K = i(mu2 + wT'Iw) A\
* /26
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Lagrangian of a robot

How do we calculate it?

Let's take an 'easy’ example of a 2-link planar robot.

Let's assume that segments have masses
m1 and my respectively.

1777277777 . | ]

o v
1005000077
V112222777 /\ X \
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Let's take an 'easy’ example of a 2-link planar robot.
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Lagrangian of a robot

How do we calculate it?

Let's take an 'easy’ example of a 2-link planar robot.

Let's assume that segments have masses
m1 and my respectively.

1777277777 . | ]

o v
1005000077
V112222777 /\ X \

We need to calculate its Lagrangian
in terms of some 'generalized’ coordinates

5
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Lagrangian of a robot

How do we calculate it?

Which 'generalized’ coordinates are most convenient?
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Lagrangian of a robot

How do we calculate it?

Which 'generalized’ coordinates are most convenient?

X, Y?

1777277777
1777777777
1777777777
222222224
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Lagrangian of a robot

How do we calculate it?

Which 'generalized’ coordinates are most convenient?

1777277777
1777777777
1777777777
222222224
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Lagrangian of a robot

How do we calculate it?

Which 'generalized’ coordinates are most convenient?

X, Y?
0, r?
ql, q27

1777277777
1777777777
1777777777
222222224
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Lagrangian of a robot

How do we calculate it?

Which 'generalized’ coordinates are most convenient?

X, Y?
, !
0, r? -
ql, q27
Why?
g
IS \ | (& »
1050500057 ¥ t
1000500050 Y 1
Sk O\
\‘\:
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Lagrangian of a robot

Potential energy

We need to calculate the total potential energy of the system with respect to ¢, q.

The total potential energy is the sum of the
potential energies of each segment; What
is the potential energy of each segment?

1777777777

1777777777

AR
1777777777

200505007 A

A
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Lagrangian of a robot

Potential energy

1777277777
1777777777
1777777777
222222224
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We consider the mass of the link to be
concentrated at its center of mass.
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Lagrangian of a robot

Potential energy

1777277777
1777777777
1777777777
222222224
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We consider the mass of the link to be
concentrated at its center of mass.
Therefore:

) I .
Pi(q,4) = m1g§13m<h
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Lagrangian of a robot

Potential energy

1777777777
1777777777
1777777777
222222224
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For the second segment, we think alike:
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Lagrangian of a robot

Potential energy

1777777777

1777777777
1777777777
222222224
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For the second segment, we think alike:
PQ(qa Q) =

. la .
mag (llsmql + gsm(m + Q2)>
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Lagrangian of a robot

Potential energy

For the second segment, we think alike:
PQ(qa Q) =

. la .
mag (llsmql + gsm(m + Q2)>

The total potential energy is therefore: S

) I . ) ly .
P(q,q) = mlgglsm(h + mag | lising: + 528“1((11 + Q2)>
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Lagrangian of a robot

Potential energy

For the second segment, we think alike:
PQ(qa Q) =

. la .
mag (llsmql + gsm(m + Q2)>

The total potential energy is therefore: S \

) .
Does P depend on ¢? 9
2
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P(q,q) = mig—sing + mag | lising; + 528“1((11 + Q2)>



Lagrangian of a robot

Kinetic energy

Once again, we take the kinetic energy of each segment with respect to ¢, ¢ and add
them together.

Ktotal(% (Z) - Kl (q7 Q) + KQ(q7 q)
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Lagrangian of a robot

Kinetic energy

Once again, we take the kinetic energy of each segment with respect to ¢, ¢ and add
them together.

Ktotal(% (Z) = Kl (qa Q) + KQ(Q7 q)

Let's start with the linear kinetic energy first.
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Lagrangian of a robot

Kinetic energy

Once again, we take the kinetic energy of each segment with respect to ¢, ¢ and add
them together.

Ktotal(% (Z) = Kl (qa Q) + KQ(Q7 q)

Let's start with the linear kinetic energy first.

n s ,: .,,x/v
;u mmz] ' \;)

XY

[\3\*—‘

Klzn q, (]
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Lagrangian of a robot

Kinetic energy

Once again, we take the kinetic energy of each segment with respect to ¢, ¢ and add
them together.

Ktotal(% (Z) = Kl (qa Q) + KQ(Q7 q)

Let's start with the linear kinetic energy first.

. n \,\ 0 .,,/I
Klznqq EZU m{uz \\\x)

g

Do we know what is u© in terms of q,(j?- / AN
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Lagrangian of a robot

Going back in time

How do we convert the linear end-effector velocity (u) into joint velocity (¢)?

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems 4



Lagrangian of a robot

Going back in time

How do we convert the linear end-effector velocity (u) into joint velocity (¢)?

The jacobian!

u = Jyq
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Lagrangian of a robot

Going back in time

How do we convert the linear end-effector velocity (u) into joint velocity (¢)?

The jacobian!

u = Jyq

But what Jacobian? What velocities do we want to calculate? &
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Lagrangian of a robot

Kinetic energy

Since we need the velocity of the masses, we
calculate the Jacobian until the masses.
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Lagrangian of a robot

Kinetic energy
Since we need the velocity of the masses, we
calculate the Jacobian until the masses.

Ju1 = [Zl X (Om1 — 01)]
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Lagrangian of a robot

Kinetic energy
Since we need the velocity of the masses, we
calculate the Jacobian until the masses.

Ju1 = [Zl X (Om1 — 01)]

Ju2 = [21 X (0m2 —01) 22 X (Om2 — 02)}

1777277777
1777777777
1777277777
1177277077
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Lagrangian of a robot

Kinetic energy
Since we need the velocity of the masses, we
calculate the Jacobian until the masses.

Ju1 = [Zl X (Om1 — 01)]

Ju2 = [21 X (0m2 - 01) 22 X (0m2 - 02)}

To ensure equal dimensions for the Jacobtans We

e

pad the first Jacobian with zeros i

TN 3 4y e
1000550000 g ‘
100550000

0222222224 [

XY
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Lagrangian of a robot

Kinetic energy

Since we need the velocity of the masses, we
calculate the Jacobian until the masses.

Ju1 = [Zl X (Om1 — 01)]

Ju2 = [21 X (0m2 —01) 22 X (Om2 — 02)}

To ensure equal dimensions for the Jacobians, we:

e

pad the first Jacobian with zeros g )

Jul = {Zl X (Oml — 01) 0]

120272777

XY
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Lagrangian of a robot

Kinetic energy

Once again, we take the kinetic energy of each segment and add them together.
Ktotal(qa Q) =K (Qa Q) + KQ(q’ Q)

Let's start with the linear kinetic energy first.
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Lagrangian of a robot

Kinetic energy

Once again, we take the kinetic energy of each segment and add them together.
Ktotal(qa Q) =K (Qa Q) + KQ(q’ Q)

Let's start with the linear kinetic energy first.

o g e\
Kiin(a,d) = 5mu? = 24" 3 [Tiduld
i=1 S
VN

Remember (AB)T = BT AT
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Lagrangian of a robot

Kinetic energy

. and then the angular kinetic energy:
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Lagrangian of a robot

Kinetic energy

. and then the angular kinetic energy:

1L
Kang(Q?Q) = D) Z[szIzwl]
i=1

I; is expressed on the coordinate frame of link ¢
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Lagrangian of a robot

Kinetic energy

. and then the angular kinetic energy:

n
Kang q,4 Z Wy zwz
I; is expressed on the coordinate frame of link ¢
But must be 'transformed’ in the base coordinate
frame

[\.')M—t
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Lagrangian of a robot

Kinetic energy

. and then the angular kinetic energy:

n
Kang q,4 Z Wy zwz
I; is expressed on the coordinate frame of link ¢
But must be 'transformed’ in the base coordinate
frame

I = RI{RT

[\.')M—t
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Lagrangian of a robot

Kinetic energy

. and then the angular kinetic energy:

1
Kang q,4 52 i zwz

I; is expressed on the coordinate frame of link ¢
But must be 'transformed’ in the base coordinate

frame
I° = RiIIRT s\
Therefore i AW e
R 1 \%
Kang(q,4) = =54 Z [JL R I RT J. ek \

A
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Lagrangian of a robot

Kinetic energy

Therefore, the total Kinetic energy of the robot is:

1 n

. T T T .

K(q,) = 54" Y [ Jimidui + IR R Jui 4
i=1
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Lagrangian of a robot

Kinetic energy

Therefore, the total Kinetic energy of the robot is:

1,
. T T T .
K(Qa Q) = 5 [J ;Mg Jyi + szRzIsz sz} q
i=1
Does K depend on ¢?
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Lagrangian of a robot

Kinetic energy

Therefore, the total Kinetic energy of the robot is:

K(q,9) = Z[ imidvi + Jo R R Jui| d

Does K depend on ¢? Does it depend on ¢?
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Lagrangian of a robot

Jacobians

K(q

l\')l»—l

Z [ JEmidui + JLRERT Jui] 4

What is the size of J,; and J_;?
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Lagrangian of a robot

Jacobians

K(q

l\')l»—l

What is the size of J,; and J_;?
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Jul = [zl X (03 — 01) O]

Jug = [zl X (03 — 01) 29 X (03 — 02)}

Robot Control Systems

Y [ Tomidus + SR RT Jui]




Lagrangian of a robot

Jacobians

K(q

l\')l»—l

Y [ Tomidus + SR RT Jui]

What is the size of J,; and J_;?

Jul = [zl X (03 — 01) O]

Jug = [zl X (03 — 01) 29 X (03 — 02)}

Jo1 = [21 0} | ﬂ \
Joo = [21 22} \
16 /6

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems 4



Lagrangian of a robot

Let's plug it in the Lagrangian equation of motion

Eventually, we can write the kinetic energy in a condensed format:

K(q.d) = 34" D(a)d

And the potential energy:

n &

P(q) =) ghi(q)m;

i=1

Therefore, the total Lagrangian is: ‘(", \\\l’
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Lagrangian of a robot
Let's plug it all together

If we expand the first term, we get:

L=K-P= — hi(
50 D(a)d gz
1 n n i i "‘\ v
L=5> dij(@)did; — 93 hilg)mi s Al
i i=1 VN
e\
18/26
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Lagrangian of a robot
Let's plug it all together

The equation of motion is:

4oL oL _
dt ¢ 0q
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Lagrangian of a robot
Let's plug it all together

The equation of motion is:

4oL oL _

dt 9¢ dq
4oL oL _
dtog.  og
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Lagrangian of a robot
Let's plug it all together

The equation of motion is:

4oL oL _

dt 9¢ dq
4oL oL _
dtog.  og

oL
— = Z dk;q;
dgr. 5
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Lagrangian of a robot
Let's plug it all together

The equation of motion is:

4oL oL _

dt 9¢ dq
4oL oL _
dtog.  og

oL
—— = dijg;
dgr. 5

d 0L

d Ody;
__=§d~"- E —dig; = diiq; —L ;g
dt Dd : kids + : i kjqj ; qu]‘f‘;j 0q; 4id;

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems




Lagrangian of a robot
Let's plug it all together

The second term is:

Oqx

Therefore, everything together is:
> diidi+ ) {
J i3
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_:_Zaq QZJ

ody . OP
gk

Oy 10dy
by 20 4T
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Lagrangian of a robot

Condensed form

We can write this equation in a more general form:

D(q)i+C(q,9)g+g(q) =7
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Lagrangian of a robot

Condensed form

We can write this equation in a more general form:

D(q)i+C(q,q)qg+g(q) =7

The matrix D, contains information about the inertia of the system, therefore contains
all the masses and moments of inertia.
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Lagrangian of a robot

Condensed form

We can write this equation in a more general form:

D(q)i+C(q,q)qg+g(q) =7

The matrix D, contains information about the inertia of the system, therefore contains
all the masses and moments of inertia.

The matrix C' has elements related to the centrifugal and Coriolis terms g

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems



Lagrangian of a robot

Condensed form

We can write this equation in a more general form:

D(q)¢+ C(q,4)q + g(q) =

The matrix D, contains information about the inertia of the system, therefore contains
all the masses and moments of inertia.

The matrix C' has elements related to the centrifugal and Coriolis terms g

Finally, the term ¢ contains the dependence of the potential energy from the ‘posmori
of the robot. ﬁ\

i

A
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Lagrangian of a robot
Christoffel symbols

The k, j-th element of matrix C(q, ¢) is defined as:

n
crj = ) cijn(a)di
=1
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Inverse and forward dynamics

Again the inverse?
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Inverse and forward dynamics

Again the inverse?

Which one is which?
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Inverse and forward dynamics

Again the inverse?

Which one is which?
D(q)i+C(q,9)qg+g(q) =7

D(q) 1= Clg,@)q — g(q)) =i
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Lagrangian of a robot
Let's apply it on this robot
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Grand scheme
The big picture

Forward Great robots

TF Kinematics Velocity Dynamics —{ Control @

Inverse S g 2
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Questions?
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