Robot Velocity

We have the need for speed
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Recap

What do we know already?
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Recap

What we know already?

Definition

A transformation matrix that calculates the pose of the robot's
end effector in terms of the joint coordinates ¢, qs, ..., qn

Xx Yx Zx|P,
Xy Yy Zy|P,
Xy Y; Zz|P.
0 0 o0]1
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Robot velocity

Background

A robot is a mechanism which consists of joints and links.

i ~—
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Robot velocity

Background

A robot is a mechanism which consists of joints and links.

— i —

By controlling the position of the joints, we can control the

position of the end-effector.
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Robot velocity

Background

A robot is a mechanism which consists of joints and links.

e —— — = ——_——

By controlling the position of the joints, we can control the °
position of the end-effector. e

Can we do this for velocities as well?
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Robot velocity

Background

We define a matrix called the 'Jacobian’ that shows us how can
we calculate the end-effector velocity if we know the joint
velocities
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Robot velocity
The Jacobian

Y 01
z . (j2
b | =6=Ja=7
Wy Gn
W

By vector £ we denote a vector that contains 6 veIOC|t
and 3 angular. By vector ¢ we denote a vector contammg aII the
n joint velocities.
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Robot velocity
The Jacobian

T

Y 01

z . Go

w| = §=Jg=J| .

wy Qn .
W, §

By vector £ we denote a vector that contains 6 veIoutLes, 3 Lmear
and 3 angular. By vector ¢ we denote a vector contammg aII the

n joint velocities.

What is the size of the Jacobian matrix J7?
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Robot velocity
The Jacobian

The Jacobian is a matrix of 6 x n (six rows and n columns).
The first three rows, related to the linear velocities u, the last
three to the angular velocities w.
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Linear and angular velocity
What is the difference?

Each of the robot segments can be moving with a linear, angular
velocity, or a combination of the two.
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Linear and angular velocity
What is the difference?

Each of the robot segments can be moving with a linear, angular
or a complex velocity.
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Linear and angular velocity
What is the difference?
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What is linear velocity
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What is linear velocity
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What is angular velocity
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What is angular velocity

Sl
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Defining the Jacobian

Angular velocities

We are looking for a relationship between joint velocities and
angular velocity of the end-effector.

L’J:qu
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Defining the Jacobian

Angular velocities

We are looking for a relationship between joint velocities and
angular velocity of the end-effector.

L’J:qu

What is the dimension of J,?
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Defining the Jacobian

Addition of Angular velocities

2.00 2.00
175 175
150 150
125 125
1.00 1.00
075 075
050 050
025 025
0.00 0.00
-05 00 05 10 15 2.0 25 -05 00 05 10 15 2.0 25
2.00
175
150
125
1.00
075
050
025
0.00 -

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robotic Systems Control



Defining the Jacobian

Angular velocities

We can add the angular velocities of each segment to calculate
the angular velocity of the end effector.

Wy =q +g+...+qn

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robotic Systems Control



Defining the Jacobian

Angular velocities

What happens if we have motion in R3?
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Defining the Jacobian

Angular velocities

What happens if we have motion in R3?

In the general case, we need to express/transform the angular
velocity of each segment to the base coordinate frame.
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Defining the Jacobian

Angular velocities

What happens if we have motion in R3?

In the general case, we need to express/transform the angular
velocity of each segment to the base coordinate frame.

wy = p1RoGi + p2R3kGs + ... + puRykg,

Where k is the unit coordinate vector (0,0, 1)
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Defining the Jacobian

Angular velocities

What happens if we have motion in R3?

In the general case, we need to express/transform the angular
velocity of each segment to the base coordinate frame.

wy = p1Rydy + p2RgkGa + ... + pu Rk

Where k is the unit coordinate vector (0,0, 1)

¢ is the rotation matrix from base to joint n, as calculatedh‘y
the DH convention. ‘

And p; is equal to 1 if joint 7 is revolute and 0 if joint ¢ is
prismatic. Why?
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Defining the Jacobian

Angular velocities

What is the result of:
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Defining the Jacobian

Angular velocities

What is the result of:

Rk

XX YX ZX 0 ZX
Xy Yy Zy 0 = ZY
Xz Yy, Zz| |1 Ly

What does z,, represent in DH convention?
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Defining the Jacobian

Angular velocities

We have therefore defined a relationship that shows us how the
joint coordinates ¢ relate to the angular velocity of the
end-effector w

w = [plzl,p2Z2,---,pnzn q
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Defining the Jacobian

Angular velocities

We have therefore defined a relationship that shows us how the
joint coordinates ¢ relate to the angular velocity of the
end-effector w

w = [p121>p2z2> e ,pnzn} q
Therefore, the Jacobian for the angular velocities is:

J, = [plzl, P2z, .. .pnzn]
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Defining the Jacobian

Angular velocities

We have therefore defined a relationship that shows us how the
joint coordinates ¢ relate to the angular velocity of the
end-effector w

w = [p121>p2z2> e ,pnzn} q
Therefore, the Jacobian for the angular velocities is:
= [plzl, P272, - -pnzn]

What dimension does it have?
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Defining the Jacobian

Linear velocities

We are looking for a relationship between joint velocities and
linear velocity of the end-effector.

u = Jyuq

What is the dimension of J, ?
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Defining the Jacobian

Linear velocities

We can visualise that the linear velocity of the end-effector is
equal to the linear velocity of the joint for Prismatic joints.
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Defining the Jacobian

Linear velocities

We can visualise that the linear velocity of the end-effector is
equal to the linear velocity of the joint for Prismatic joints.

Jui = Z
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Defining the Jacobian

Linear velocities

We can visualise that the linear velocity of the end-effector is
equal to the linear velocity of the joint for Prismatic joints.
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Defining the Jacobian

Linear velocity of a rotating body

s
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Defining the Jacobian

Linear velocity of a rotating body

s

— — —
U=w2Xr ]
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Defining the Jacobian

What is the cross product?

A
axb
N b
i
2]
bxa &
=-axb
Y

If we have two vectors a and b with coordinates [a;, a@‘@ﬂ"aﬁ
[b1, ba, bs] respectively then, the cross product is defined as:. .

axb= (&2[)3 — agbz)’i + (&361 — albg)j + (a1b2 — agbl)k
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Defining the Jacobian

Linear velocities

For a revolute joint, the column of the linear Jacobian for that
joint is equal to the cross product of the axis of the joint and the
vector connecting the end-effector with the joint

Juz- =2z; X (On+1 e Oz')
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Defining the Jacobian

Combining angular and linear velocities

We can calculate each column of the Jacobian matrix individually.
Each column represents one joint. If joint i is revolute, then:

J, =
7 ZZ
If joint ¢ is prismatic, then:
z4
Ji= |7
0
25/
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Defining the Jacobian

Example in R?

7227777774
777777777
777777777
2202227277
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Defining the Jacobian

Example in R?

ciT —S81 0 0
Rl _ S1 C1 0 0
/ "= 1lo o0 10
0 0 01
cig —si2 0 Lo
R2 — S12  C12 0 sy
0 0 0 1 O
0 0 0 1
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Defining the Jacobian

Example in R?

ciT —S81 0 0
Rl _ S1 C1 0 0
0 0 0 10
0 0 01
2 —s12 0
R2 — S1,2 C12 0
0 0 0 1
0 0 0
Cl2 —S51.2 0
R3 — 512 C12 0

0 0 0 1 0

0 0 0 1
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Defining the Jacobian

2 link planar manipulator

T —85 0 0 C1,2 —S51.2 0 llcl
1 _ |51 C1 0 0 2 |S1,2 C1,2 0 l181
Fo = 0O 0 10 Fo = 0 0 1 0
0O 0 01 0 0 0 1
ci2 —si2 0 o+l
R3 — s12 ci2 0 lasio+ 1015
Y 0 0 1 0 P
0 0 0 1

J= lzl X (03 —01) 2z X (03— 02)1 a 4

21 22
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Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robotic Systems Control 39‘



Defining the Jacobian

2 link planar manipulator

T —85 0 0 C1,2 —S51.2 0 llcl
s ¢ 00 S c 0 Iis
R(l) _ 1 1 R(Q) _ 1,2 1,2 1°1
0 0 10 0 0 1 0
0 0 01 0 0O 0 1
ci2 —si2 0 o+l
R — s12 ci2 0 lasio+ 1015
0 — R
0 0 1 0 P
0 0 0 1 > 6
J— [21 X (03 e 01> 29 X (03 e 02)1 %‘.' “3}
41 2 N %
where: TSN
0 1101 l1C1 + lgcl,g )N A
01 = 0 , 09 = l181 ,03 = l181 + l281,2 , K1 = =g = 0 S
0 0 0 7
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Defining the Jacobian

2 link planar manipulator

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

lici + laci o
0

0
0
1

Robotic Systems Control

—lys; — 5281,2 —5281,2
1261,2

0

0
0
1




Defining the Jacobian

2 link planar manipulator

—l151 — 5281,2 —las12
lici + laci o lacr o
0 0

0 0
0 0
1 1
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Defining the Jacobian

2 link planar manipulator

—l151 — 5281,2 —5281,2
lici +lycip lac 2
S 0 0
0 0
0 0
1 1
How do we 'use’ the Jacobian?
28/
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Jacobian

Inverse velocity

We now have a method to define the end-effector velocity
(angular and linear) based on the joint velocities

§=Jq
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Jacobian

Inverse velocity

We now have a method to define the end-effector velocity
(angular and linear) based on the joint velocities

§=Jq

Is this useful?
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Jacobian

Inverse velocity

We now have a method to define the end-effector velocity
(angular and linear) based on the joint velocities

§=Jq

Is this useful?

How do we do the opposite (i.e. define the joint Ve|OCdtI€S f6r 0

specific end-effector velocity)?
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Jacobian

Inverse velocity

We now have a method to define the end-effector velocity
(angular and linear) based on the joint velocities

§=Jq

Is this useful?

How do we do the opposite (i.e. define the joint Ve|OCdtI€S f6r 0

specific end-effector velocity)?

=g
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Jacobian

Inverting the velocity

Is J always inversible?
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Jacobian

Inverting the velocity

Is J always inversible?

Conditions for Jacobian inversibility

The Jacobian must be square

The rank of the Jacobian must be equal to

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robotic Systems Control
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Jacobian

Inverting the velocity

Is J always inversible?

Conditions for Jacobian inversibility

The Jacobian must be square

The rank of the Jacobian must be equal to its size

For achieving any velocity in R?, the Jacobian must be 6 >< 6\%
What do we need for such a Jacobian?
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Jacobian
The pseudoinverse

In the cases we cannot invert the Jacobian (e.g. we have
redundant joints), we can calculate the pseudoinverse.
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Jacobian
The pseudoinverse

In the cases we cannot invert the Jacobian (e.g. we have
redundant joints), we can calculate the pseudoinverse.

For J € R™", if m < n, then (JJ¥) lexists.
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Jacobian
The pseudoinverse

In the cases we cannot invert the Jacobian (e.g. we have
redundant joints), we can calculate the pseudoinverse.

For J € R™", if m < n, then (JJ¥) lexists.

(JITYJIT) " =1
JIT(JIT) Y =1

JJT =1
where:
Jt = Jr(JJjr)-1
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Jacobian
The pseudoinverse

In the cases we cannot invert the Jacobian (e.g. we have
redundant joints), we can calculate the pseudoinverse.

For J € R™", if m < n, then (JJ¥) lexists.

(JITYJIT) " =1
JIT(JIT) Y =1

JJT =1

where:
Jt = Jr(JJjr)-1

therefore:

s g+

¢=J7¢

31 /
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Jacobian inverse

2 link planar manipulator

—lis) — 1281,2 —1231,2

Ju
lici + lscy o lyer o
Vi 1 1201,2 l231,2
7 =
lilysy |—lici —lacio —l181 — 12512
32/
Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robotic Systems Control 39‘



Jacobian inverse

2 link planar manipulator

What happens when ¢, = 07

7777777777
777777777
7227727775
727777777
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Jacobian inverse

2 link planar manipulator

What happens when ¢, = 07

g1 1 lac12
_—
lilysy |—lici — lacio

775777777,

7050000070

2500000070

RAAAAA
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Jacobian

Singularities

The Jacobian is a function of the joint coordinates ¢, and
therefore it varies for different robot configurations.
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Jacobian

Singularities

The Jacobian is a function of the joint coordinates ¢, and
therefore it varies for different robot configurations.

In some cases, the Jacobian might lose rank, or might become
non-invertible, or its determinant might become zero (Wl’ﬂCh is
practically the same thing) e e
In such cases, the robot loses dexterity, or even a degr ‘
freedom.
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Robot manipulability

Why does this all matter?

The Jacobian allows us to map joint velocities to end-effector
velocities. We have seen that at different configurations, we have
a different map (since J depends on ¢).
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Robot manipulability

Why does this all matter?

The Jacobian allows us to map joint velocities to end-effector
velocities. We have seen that at different configurations, we have
a different map (since J depends on ¢).

Can we quantify how much dexterity our robot has atﬁ‘iﬁefept
configurations? (i.e. manipulability?)

35 /
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Robot manipulability

Why does this all matter?

The Jacobian allows us to map joint velocities to end-effector
velocities. We have seen that at different configurations, we have
a different map (since J depends on ¢).

Can we quantify how much dexterity our robot has atﬁ‘iﬁefept
configurations? (i.e. manipulability?) /

hint: yes!

35 /
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Robot manipulability

Velocity ellipse

We model our robot as an input-output system (input is joint
velocities, output is end-effector velocities). If we consider unit
inputs, then we have:

g q=1

which we can write as:

I TE=1

which is the equation of an elipse

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robotic Systems Control



Robot manipulability

Velocitv ellipse

2.00 1

175 A
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Robot manipulability

Velocity ellipse
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Robot manipulability

Velocity ellipse
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Robot manipulability

Velocity ellipse
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Robot manipulability

Velocity ellipse
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Questions?
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